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The scattering of plane waves by nonuniform media is currently of con- 

Models of this type considered by many authors a re  siderable interest. L 2 / 3  

confined to simple cases where the permittivity e is a function only of one 

dependent variable, and the permeability p , is constant. Problems dealt with 

in several cases are  actually second order homogeneous differential equations. 
4 The purpose of this paper is to report that the method of collocation is applicable , - 

to achieve a n  approximate solution. This method has two advantages: (1) There 

is no limitation on the variation of e as  long as it is a well-behaved function. 

(2) Good solutions can be achieved even when values of e are known (by 

experiment) only a t  a sufficient number of points in space. 
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- 
Consider the propagation of a plane wave through a n  infinite, nonuniform 

dielectric slab which was located in the region 0 < - -  x <  a. (x is a Cartesian 

coordinate). The permittivity e is a real regular function of x only. The 
I 1 
differential equation involved i n  this case is of the form 

\ 

U" (x) + p (x) U' (x) + q (x) u (x) = 0 , (1) 

where the prime denotes the derivative with respect to argument, p (x) and q (x) 

are  in general regular functions of both e (x) and e '  (x). Two independent 
I 
1 particular solutions of Eq. ( l j  may be, approximately, expressed by 
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Ue (x) = t An cos Llnx , even function 
n = O  

M 

m =  1 
U o ~ ) 0  = t B m sin L 2 m ~  , odd function (3) 

where L = n*/vla, L 

quantities, v and v 

= m / v  a, M and N are integers. The dimensionless I n  2m 2 
to be determined by the differential equation, are two 1 2' 

real numbers greater than or equal to unity. They are nearly equal i f  N and M 

approach to infinity. 

The odd solution only is considered here. The even solution can be obtained 

by the same procedure. Substituting Eq. (3) into Eq. (1) yields 

M r  n 7 
I [[q (x) - L~~~ I sin L 2m x + p (x) L~~ cos L 2 m ~ )  B m = O .  (4) 

m = l  

Eq. (4) must satisfy all points within the region 0 < x < - a. But for the purpose 

of approximation, the method of collocation requires the equality to be fulfilled 

only a t  M points. Let these points be 0 L x l  '< x2 < . . . < x = a.  There 

are many choices of points. Usually, it is convenient to choose equal spaces 

between points. For each point, Eq. (4) is a n  algebraic equation of M unknowns, 

B . Hence, a system of M algebraic equations with M unknowns is then formed,, m 
the rest of the work is devoted to solve a n  eigenvalue and eigenvector problem. 

That is 

m 

where D. = [ q (xi) - L2m2 1 sin L x. + p (xi) L2m cos L x.. The value 
im 2m I 2m I 

of v is determined by 2 
det Dim 1 = 0. 

There are many roots of v in Eq. (6). Taking the covergence into account, the 

suitable value is the smallest root which is greater than or  equal to unity. With 

the known value of v the expansion coefficients B can be calculated from Eq. 2 m 
(5) i n  terms of a B which is the largest among the B '5. By this method the r' m 
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. 
approximate general solution of Eq. (1) is found for a specific frequency within 

the region 0 < x < a. It should be mentioned that the method of least squares 

is applicable too. 
- 
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The partial wave analysis of scattering a plane wave by a cylindrically 

symmetric nonuniform dielectric cylinder, or by a spherically symmetric 

nonuniform dielectric sphere, would result one (or two) differential equation of 
the following form 3,5 

where p (r) and q (r) are regular functions of r within the region 0 < r < - a. 

The operator L is defined as L Z (r) = 0, i f  2 (r), is the Bessel function of 

nth order for the cylindrical case, Z (r) is the spherical Bessel function of n nth order for the spherical case. Analogous to Eqs. (2) and (3) of the plane 

cese, fhe regulur particular solution of Eq. (7) may be approximated by 

n n n  n 

M 

where 5 = r/ua, Zn (am) = 0, and Z is the first kind Bessel function. 

The subscript n of V (r), C and a are omitted. The dimensionless 

parameter, u, to be determinated by the differential equation, is a real number 

greater than or equal to unity. Substituting Eq. (8) into (7) yields 

n 

n nm nm 

Note that Eq. (9) is similar to Eq. (4). The same procedures may be used to 

determine the suitable value of u and the expansion coefficients, C . In other 

words, i f  all the sine functions are replaced by Z 

5 

m 

n' cosine functions by Z' n' 
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a 
, and B by C in Eqs. (4) - (6) ,  then all these equations and mm m - 

by y- m m v2 
the associated statements are valid for the solution of Eq. (7). 
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